The dynamics of surface gravity water waves can be described by the self-defocusing nonlinear Schrödinger equation. Recent observations of black solitons on the surface of water confirmed its validity for finite, below critical depth. The black soliton is a limiting case of a family of gray soliton solutions with finite amplitude depressions. Here, we report observations of gray solitons in water waves, thus, complementing our previous observations of black solitons. [6, 7] , plasmas [8, 9] , and water surface [10] . Similar features of nonlinear wave propagation in all these media have been established within the powerful framework of the nonlinear Schrödinger equation (NLS). Integrability of the NLS provides a fascinating set of exact solutions [11] [12] [13] . Although the NLS is an approximation, its exact solutions model the experimental data remarkably well [14] . Applicability of the NLS in hydrodynamics has been established back in the 1970s [15, 16] . It describes the dynamics of surface gravity waves in finite or infinite depth, depending on the ratio between the water depth and wavelength. In particular, Yuen and Lake observed bright solitons of the focusing NLS [15, 16] . However, experimental observations of pulsating bright solutions [17, 18] , as well as dark solitons in water waves [19] have been reported only recently. The black soliton solution of the defocusing NLS is a special case of a more general family of gray solitons. It can be observed on the surface of water of finite, below critical depth. These solutions are stationary in the frame of reference moving with the wave group velocity. The amplitude of monochromatic waves drops to zero for black solitons, while it is depressed to a finite value in the case of gray solitons. In the present work, we present observations of the family of gray solitons.
The dynamics of surface gravity water waves can be described by the self-defocusing nonlinear Schrödinger equation. Recent observations of black solitons on the surface of water confirmed its validity for finite, below critical depth. The black soliton is a limiting case of a family of gray soliton solutions with finite amplitude depressions. Here, we report observations of gray solitons in water waves, thus, complementing our previous observations of black solitons. Dark solitons have been studied intensely for the last two decades. They have been observed experimentally in a variety of nonlinear dispersive media including optical setups [1] [2] [3] [4] , photonic crystal fibers [5] , Bose-Einstein condensates [6, 7] , plasmas [8, 9] , and water surface [10] . Similar features of nonlinear wave propagation in all these media have been established within the powerful framework of the nonlinear Schrödinger equation (NLS) . Integrability of the NLS provides a fascinating set of exact solutions [11] [12] [13] . Although the NLS is an approximation, its exact solutions model the experimental data remarkably well [14] . Applicability of the NLS in hydrodynamics has been established back in the 1970s [15, 16] . It describes the dynamics of surface gravity waves in finite or infinite depth, depending on the ratio between the water depth and wavelength. In particular, Yuen and Lake observed bright solitons of the focusing NLS [15, 16] . However, experimental observations of pulsating bright solutions [17, 18] , as well as dark solitons in water waves [19] have been reported only recently. The black soliton solution of the defocusing NLS is a special case of a more general family of gray solitons. It can be observed on the surface of water of finite, below critical depth. These solutions are stationary in the frame of reference moving with the wave group velocity. The amplitude of monochromatic waves drops to zero for black solitons, while it is depressed to a finite value in the case of gray solitons. In the present work, we present observations of the family of gray solitons.
The NLS for weakly nonlinear water waves can be derived using the method of multiple scales [20, 21] : , and the water depth h. Here, x and t are the space and time variables. The frequencies are related to the wave numbers via the dispersion relation ω = √ gk tanh(kh), where g is the gravitational acceleration. In the limiting case of infinite depth, when kh −→ ∞, the dispersion and nonlinear coefficients can be simplified to α = ω 8k 2 and β = ωk 2 
2
, respectively [22] . To first order in steepness, the surface elevation η(x,t), which is actually the measurable variable is given by
When kh > 1.363, the coefficients α and β have the same sign and a monochromatic wave train exponentially grows due to the Benjamin-Feir instability [22] [23] [24] . Its further evolution can be described using exact breather solutions [25] [26] [27] . However, when kh < 1.363, the nonlinear coefficient β changes its sign and regular wave trains are stable to perturbations of any frequency.
The defocusing NLS can be written in the form
It is obtained from (1) by scaling of all three variables [19] . X is now the normalized coordinate in a frame moving with the group velocity and T is the scaled time. We take the amplitude of the carrier a being normalized to one. It can be easily rescaled to an arbitrary value using the scaling transformation [11] . Equation (3) admits a one-parameter family of exact gray soliton solutions: where χ is an arbitrary phase shift and ϑ is the parameter of the family (−π/2 < ϑ < π/2). It controls the minimal amplitude of the soliton min |ψ| = | sin ϑ| and the soliton velocity v = sin ϑ which varies from −1 to +1. The background amplitude of the solution (4) is a = 1. An example of a gray soliton is shown in Fig. 1 . The soliton propagates at a finite angle to the T axis due to nonzero velocity. The direction of propagation depends on the sign of ϑ.
Equation (4) is the simplest form of the gray soliton solution. For m = π 2 − ϑ it can also be transformed into
which is more familiar from the works [25, 28] . Note that the solution given in [25] has a typo. Gray solitons admit a simple geometric interpretation [29] . Any first order solution of the NLS can be represented by a straight line on the complex plane (Re ψ, Im ψ) of the ψ variable [11] . This plane is shown in Fig. 2 . The background of the soliton with the unit amplitude is any point on a circle with a unit radius. The argument of this point is the phase of the plane wave at any given fixed T . As the plane waves on the left-and on the right-hand sides of the soliton have different phases; they are represented by two different points on the unit circle. Suppose, these are the points A and B. Then all complex amplitude points of the solution are located on a straight line AB connecting these two points. It is easy to check that when T is fixed and X is varied, Eqs. (4) and (5) indeed define a straight line between the two points. The arbitrary phase χ and current time T define the orientation of the straight line on the complex plane. The line rotates when T is evolved but relative positions of all points remain fixed.
From this geometric representation, it is easy to see that the minimal amplitude of the gray soliton is the shortest distance between the origin and the straight line, i.e., it is defined by the line OC. This distance is clearly given by sin ϑ. When the points A and B are on the opposite sides of the circle, the line AB passes through the origin and the minimum amplitude is zero. This is the case of the black soliton. This happens when ϑ = 0. Then Eq. (4) is transformed into
A prominent feature of gray solitons is its related phase shift. This is the angle between the points A and B. It is given by (π − 2ϑ). Depending on whether the background plane wave A is on the left-or on the right-hand side, the soliton has positive or negative velocity, respectively. The velocity is zero for the black soliton. Thus, most of the gray soliton parameters can be clearly visualized in this simple geometrical construction. Note also that this description is valid for any amplitude a. Parameter ϑ has the same meaning for any value of a.
The experiments have been conducted in the same facility as the one described in [19] . The single computer controlled flap created initial conditions for generating waves. These have been programed using the above formulas at fixed X that correspond to the position of the flap. The wave dynamics has been measured with the resistive wave gauges with sampling frequency 200 Hz. Their positions along the tank are shown in Table I .
In order to generate the gray solitons, we have to satisfy the condition kh < 1.363. For that purpose, we conducted the experiments for water depth values of h = 0.25 m and h = 0.20 m and adapted the wavelengths accordingly. Once a value for the soliton parameter ϑ is selected, the gray soliton solution ψ G (X,T ) is rescaled back to the dimensional units A G (x,t) according to (1). The initial conditions are then determined by evaluating Eq. (2) at the flap position x * . We chose x * = 0, that is, the signal η G (x * = 0,t) applied to the flap before taking into account the wave generator transfer function, is
We started with a soliton of lowest depression (minimal amplitude) and decreased the depression in the following experiments. Figure 3 shows the evolution of a gray soliton with ϑ = π/6 and the amplitude 0.02 m. The water depth is h = 0.2 m and kh = 0.8. For the chosen value of π/6 for the parameter ϑ, the depression of the monochromatic wave field is expected to be half the amplitude of the carrier wave. As can be seen from Fig. 3 , the experiments are in good agreement with this theoretical value. Each upper plot in Fig. 3 is shifted relative to the lower one in order to keep the coordinate with minimum amplitude at the center. The velocity calculated from these shifts agrees well with the theoretical value. Another example of a gray soliton evolution is shown in Fig. 4 . Here, the value of the parameter ϑ is π/14, which corresponds to a depression of almost 80% below the background amplitude. Thus, the minimal amplitude here is 0.004 m, since the amplitude of the carrier was chosen to be 0.02 m. The water depth in this experiment is h = 0.25 m and kh = 0.9. Due to the smallness of the chosen carrier parameters, dictated by the size of the tank, the velocity of the localized depression would not vary significantly compared to the previous case. The experiments confirm the stationary evolution of the gray soliton with the depression remaining nearly constant. Figures 3 and 4 show clearly that the gray solitons keep their constant profile. In order to better illustrate the steadiness of the soliton, we compare the wave envelopes of the first and last wave gauge measurements in the flume with the theoretical free surface elevation, (2) . The results are shown in Fig. 5 . Note that the soliton width, i.e., the number of modulated waves, is independent from the choice of the parameter ϑ. As shown in [19] , the width of the soliton is only dependent on the steepness of the carrier ak, as well as the kh value.
There are unavoidable small variations of the background wave which develop around the soliton. These can be considered as small amplitude perturbations [30] . These perturbations also appear in fiber optics [31] . However, stability of the background relative to small modulations ensures the robustness of the gray soliton located on this background. The phase shift shown in Fig. 2 is a topological structure that cannot be eliminated guaranteeing the stability. The soliton velocity is different from the phase velocity of the carrier. This means that the envelope of the waves is continuously shifting relative to the phase pattern of the carrier waves. Consequently, the point of minimum of the gray soliton continuously moves along the sinusoidal pattern of the carrier wave.
One limitation is the validity of the NLS in terms of kh. It has been shown that the NLS cannot be valid for very small kh values [32, 33] . In the results shown in Fig. 6 , we reached the experimental limit in our observations of dark solitons. Regular wave generation for the single flap wavemaker has been reached for the depth of h = 0.2 m and kh = 0.6. Using exact initial conditions we observed generation of black solitons, i.e., ϑ = 0, as shown in Fig. 6 . Our observations proved the validity of the NLS for kh values as small as 0.6. An exact threshold value could be determined in a more accurate experiment using a piston-type wavemaker [34] .
One result of our observations of gray solitons is their asymmetry relative to the soliton center as can be seen from Fig. 5 . The deviation from the NLS theory is due to the fact that exact solutions describe the motion of free surface waves (2) , while the surface elevation also contains bound waves. Consequently, the experimental amplitudes deviate from those described by the NLS envelope. Black solitons are more sturdy and less sensitive to the presence of the Stokes components as can be seen from Fig. 6 . This issue needs more work.
